We generalize the differential representation of the operators of the Galilean algebras to include fractional derivatives. As a result a whole new class of scale invariant Galilean algebras are obtained. The first member of this class has dynamical index z = 2 similar to the Schrödinger algebra. The second member of the class has dynamical index z = 3/2, which happens to be the dynamical index Kardar-Parisi-Zhang equation.
Introduction
Locality has been the guiding principal of many branches of physics. This has come about in opposition to the concept of action at a distance. That is to say for something to influence another thing an entity such as a field or particle must travel between the two points. However phenomena such as the EPR experiments point to the plausibility of non-local theories in quantum mechanics [1] . Another setting in which non-local theories arise is equilibrium thermodynamics, where systems have had enough time to reach a state of equilibrium where long range correlations have come into existence. An example of recent work in this direction is given by [2] , where conformal invariance of long range Ising model is discussed. This means that non-local theories may be acceptable. If locality is given up a very rich arena of possible models in theoretical physics arises, one of which is the option of having fractional derivatives. Consequently this opens up the field for seeking symmetry algebras which are composed of derivatives with fractional order. In this paper we are going to see what we can get if Galilean symmetry is augmented with fractional derivative operators. We find a whole new class of scale and Galilean invariant symmetries, with previously unknown dynamic exponents. Galilean symmetries have received some attention recently due to their appearance in the AdS/CFT correspondence [3] - [11] . The Galilean symmetries are composed of translations in time and space plus rotations in space and boosts to inertial frames that move with constant velocity. One can add to this set, scale transformations and boosts to frames of reference which conserve higher derivatives such as accelerations plus toroidal transformations of the time component. These symmetries lead to L-Galilei algebras [12, 13] where L is an integer, for related works see [14] - [16] . The disappointment in L-Galilean symmetries is that not all dynamical exponents z arise, although the first two members of this class i.e. Galilean Conformal Algebra (GCA) z = 1 [17] - [19] and Schrödinger symmetry z = 2, [20] - [25] are well known. Attempts to obtain other dynamical exponents exist [26] where the dynamical index of z = 3 2 was obtained. However this remained a singular case. Other cases have been suggested by Henkel and Stoimenov in which further values of dynamical index are obtained using the age subalgebra of the Schrödinger algebra [27, 28] . However the algebra only closes on the solution space. Besides the exponent, the geometrical meaning of infinitesimal fractional algebra has been analyzed in the context of the Schrödinger algebra in [28] .
In this paper we show that admitting fractional derivatives allows a new class of Galilean symmetries, which we call F-Galilean where F is an integer and the dynamical exponent is given by
Thus for F = 1, we have the well-know exponent z = 2 (This symmetry is smaller than Schrödinger symmetry) and for F = 2 we get z = , i.e. the well-known exponent of the Kardar-Parisi-Zhang (KPZ) equation [29] . The price we paid for this extension is nonlocality through introduction of fractional derivatives. This paper is organized as follows, in section 2 we give a brief introduction to L-Galilei algebras, which in fact encompasses all known galilean algebras. In Section 3 we introduce fractional derivatives and some of their properties. In section 4 we derive the new class of galilean algebras which posses differential operator representations including fractional derivatives. It is in fact through the consistency of these representations that we derive this new class of non-local galilean symmetries.
L-Galilei Algebra
L-Galilei algebra were introduced independently by Henkel [12] and Negro, del Olmo and Rodríguez-Marco [13] . Here we briefly review their method. First, let us recall the two well-known non-relativistic symmetries: Schrödinger and conformal Galilean algebras.
-Schrödinger Algebra
Schrödinger algebra consists of the following generators. The center is formed by the generators of the Galilean transformations
which guarantees invariance under translations in space and time, plus Galilean boost.
Besides the Galilean generators, the Schrödinger algebra has three more generators. Two of them are, the dilation generator:
along with the special Schrödinger generator
The last generator is the mass operator which is the outcome of commutators of B and P
The interesting point with Schrödinger algebra is that it has an SL(2, R) subalgebra: H, D and C. Commutators read as
In this Cartan subalgebra H produces translation in time and D produces scale transformations
Together with C, the subalgebra guarantees global conformal transformation in temporal direction
along with its spatial counterpart
Adding Galilean boost to these elements we end up with the following transformation in space and time
Extension to other dimensions is straightforward. Actually the algebra reads
While P i and B i are vectors, H, D, and C commute with J ij .
-Conformal Galilean Algebra
The other well-known non-relativistic algebra; the Conformal Galilean Algebra (CGA) [17] ; similar to the Schrödinger algebra consists of six generators. Similar to the Schrödinger algebra, CGA contains a SL(2, R) subalgebra
Unlike the Schrödinger algebra, CGA, dilation generator scales space and time isotropically
As it was seen, both Schrödinger algebra and CGA contain a SL(2, R) subalgebra which guarantees global transformation in temporal direction. In other words we have translation in time H = ∂ t . As well we have scaling in space and time D = −(t∂ t + 1 z x∂ x ) which generally produces an anisotropic dilation in space and time
To close SL(2, R) subalgebra we have no choice other than to define C and it reads as
To build L-Galilei algebra we start with this SL(2, R) subalgebra we add two generators of transformation in space P = −∂ x and the Galilean boost B = −t∂ x . Now, we observe that the action of D counts the scaling weights of all generators
On the other hand C raises scaling weights of the generators.
Note that the action of C has produced a new operator tB which has a higher weight than B. So, we define the new generators P q = −t q ∂ x , such that for q = 0 it represents momentum and for q = 1 it represents boost. Now, C raises the value of q and we can simply write
If we desire the algebra to close for some finite value L then we set 2/z − L = 0. So the
where L is an integer. Gathering all commutation relations we have
The obtained L-algebra is the infinitesimal form of the following transformations
where c n ∈ R n . The smallest element of the class is given by L = 1 which is the Schrödinger algebra, widely studied in the literature. The second element is given by L = 2 and is nothing but CGA.
Note that although the SL(2, R) generators exist in both CGA and Schrödinger algebra their presence is not crucial to non-relativistic algebras. In the aging problem for instance, time translation invariance is not satisfied, see [30] - [32] . For a much more comprehensive study see [26] . With this motivation in mind we note that by extending to fractional derivatives the algebra obtained in this section can be generalized.
Fractional Derivatives
The idea is to extend the concept of derivative
n to non-integer values D a for all values of a. Our motivation behind this extension is that new symmetry groups can arise which cannot exist for integer values of a. It is expected that the local property of the differential operator will be lost when a is no longer an integer. An obvious application is offered by the Brownian motion. Whilst the normal Brownian motion with an index α = 1 is related to the diffusion equation,
the sub (super) ordinate Brownian motion is described by non-integer α < 1 (α > 1) anomalous diffusion equation [33] 
Usually extensions of properties of regular derivatives to the fractional ones are not straightforward. Here we are concerned with commutation relations. In regular derivatives we always have the properties of commutation between derivatives D m and D n . In a sense that
where m, n ∈ N. Such property however is not extendable to the fractional derivatives.
Actually there are functions with special singularities which prevent us from such extension. So, following [26] we consider a space in which one can extend the law of exponents in Eq. (3.3) to the fractional derivatives. Let's consider a set of numbers e which is called E − set where the numbers are real but not negative integer, i.e. e = −(n + 1), n ∈ N. Then consider a (possibly infinite) positive real interval I. Now, one can consider a space of functions which is called M − space related to the E-set
where δ (n) (x) indicates the n th derivative of the Dirac delta function. The first set of constant terms or (f e ) is called the regular part of f and the second set (F e ) is called the singular part of f . Now, we generalize conditions and consider a set of numbers E = αN + β with α > 0 and β = −(α(n + 1) + m + 1) where n, m ∈ N. Now, M E is the space of the functions with the form of x β f (x α ) where f (x) is analytic. For a real number a we can consider a set E = {e |e = e − a; e ∈ E} and the related space M = M E . Now, an operator ∂ a : M → M is considered a derivative of order a if we have
where Γ(x) is the Gamma function. For such derivatives acting on M space it has been proven in [26] that we can have the following properties
For such space where we can have the above-mentioned commutation relation we will look for some sort of fractional Galilean symmetries.
Fractional Galilei Algebras
The aim is to find a symmetry which respects Galilean transformations as well as scale invariance. We start with Dilation and translation generators
which satisfies the commutation relations
Following [26] we define the boost generator as
To go further we better write generators in a way that their weight is represented. So, we write
Now the scaling weights of generators is indicated and for the commutation relations we simply have
For Y + we then expect
Plugging in their differential forms we obtain
which results in
The solution is 9) in which M 0 is a constant number. So, the final form of Y + is:
Now, we go through the commutators and seek the value of z for which the algebra closes. Start with 11) and observe that
We call this new operator Q 1 . Let's investigate the commutation relation of Q 1 with other operators
(4.13)
Now we define the sequence of generators
Commutators of existing generators with Q i read as
The scaling weight of Q i is i+1−iz z and Y + acts as ladder operator. Now, suppose that given the value of z, there is a number F such that the scaling weight of Q F is zero. This causes the algebra to close since the ladder operator does not generate a new generator. This leads to the value
If we look at definition of Q i then we see that for such values of F and z Q F is a number and then the algebra will be closed. Summing up for any value of F we have an algebra as follows
We can gather all commutators
This is a novel class of algebras with fractional derivatives which we call F-Galilei algebra. Similar to L-Galilei algebra given any positive integer value for F we a have a new algebra. Interestingly similar to the L-Galilei algebra the first element of the class has dynamical index z = 2 (F = 1) but differs from the Schrödinger algebra by X 1 . The second element of F-Galilei class has dynamical index z = 3 2 . This is the algebra obtained by Henkel in [26] . It can be deduced from the weights diagram that Q F commutes with all the elements of the algebra, i.e. it is the central charge.
Conclusions
We have observed that admitting fractional derivatives greatly enlarges the kind of symmetries we can have. In this paper we added fractional derivative generators to the scale, space and time invariance, results in a class of algebras with an infinite number of elements. The first element of this class is a sub-algebra of the Schrödinger algebra where only X 1 = −t 2 ∂ t − 2tx∂ x is left out. This means that the algebra has scale invariance within it but not conformal invariance. Note that for F = 1 we do not have fractional derivatives.
The second member of the class is an algebra which is has dynamical index z = 3/2 and previously was found in [26] . We have not yet succeeded to find candidate actions left invariant by this algebras, which we hope to do in future. However it is more than likely that these will be non-local actions.
